Abstract. We show that the Jacobian conjecture can be reduced to a weaker conjecture in which all fibers of coordinate functions are irreducible.
Introduction
Let (x, y) be a coordinate system in C2. The Jacobian Conjecture says that a polynomial mapping (p, q): C2 -► C2 whose Jacobian J(p, q) -dp/dx • dq/dy-dp/dy-dq/dx is equal to 1 is invertible. This conjecture first appeared in [K] , and one can read a nice survey of the results that concentrated around the conjecture in [BCW] . Recall that a polynomial fiber is reducible if it is the union of more than one algebraic curve. Under the assumptions of the Jacobian conjecture, the system dp/dx = dp/dy -0 has no solution. From this it follows that different components of a reducible fiber of p do not intersect and the polynomial p has no multiple fiber. Nontrivial polynomials of this kind with reducible fibers exist and x(xy + 1) is the simplest example. We shall formulate a new problem.
Weak Jacobian Conjecture. Let (p, q): C2 -> C2 be a polynomial mapping with J(p, q) = 1. Suppose that for every c £ C the fiber {(x, y)\p(x, y) = c) is irreducible. Then the mapping (p, q) is invertible.
In other words, the additional condition on the polynomial fibers means that for every c G C the polynomial p(x, y) -c is prime. Our main result is the following Theorem. If the Weak Jacobian Conjecture is true then the Jacobian Conjecture is true.
In order to prove this fact for each couple of polynomials (p, q) with J(p, q) = 1 we shall find a polynomial automorphism a = (qi , a2): C2 -► C2 such that Pi = ai(P> O) does not have reducible fibers. We would like to note also that in order to prove the Weak Jacobian Conjecture one may try to show that a polynomial whose fibers are irreducible and different from C must have a fiber with a singular point. The last fact holds if this polynomial is good at infinity [NR] . Application of the current theorem enables us to simplify the proof of the results in , since the existence of reducible fibers makes the original proof more complicated. Recall an equivalent formulation of the Jacobian Conjecture: if J(p, q) = 1 then the ring C[p, q] generated by p and q coincides with the polynomial ring C [x, y] .
The following fact is the two-dimensional case of a theorem in [F] (it is a direct corollary of [W] as well). Combination of our main result and Theorem 3 from [R] gives another proof of Theorem A.
Proof of Theorem
Let P: M -> C2 be a regular mapping from a smooth connected algebraic surface M to C2. Suppose that the dimension of the inverse image P~l(w) of every point w £ C2 is equal to 0. Then there exists an affine algebraic curve T c C2 such that for every w g C2 -Y the inverse image P~l(w) consists exactly of n points (these points are not multiple). We shall say that Y is the branch curve of P. Let x\j be another loop that generates [ty] . By the homotopy lifting theorem [FR, Chapter 4] P~x(x'ij) contains a path that connects the points z, and Zj. Let £■' be the set of singular points of G1 . Then the curve Gl is irreducible if and only if the set Gl -Sl is connected. Suppose that tt>G^ = G-(ru P(S1)). Since /*: %\(G -Y, w) -► 7Ti(C2 -Y, to) is an epimorphism, we can choose all the loops {t,;} so that t,7 c G -Y. Moreover, by perturbing these loops, we may suppose that T// C A. In order to prove that Gl -Sl is connected it is enough to present a path that connects the point z\ with an arbitrary point z' £ C71 -Sl. Let to' = P(z'). Since A is connected, there is a path t: [0, 1] -> A with t(0) = to and t(1) = to'. Then the inverse image P~[(t:) contains a path that connects z' with Zj for a certain j. But z\ and Zj are connected by S\j . This implies the desired conclusion. □
The following fact is obvious. (0) for every i such that these loops generate the group 7ri(C2 -Y, too). Consider K0 = U, vf ■ Since the manifold C2 -Y is an algebraic variety, its fundamental group is finitely generated (which follows from [Z] as well). Thus we may suppose that T is compact. Without loss of generality, consider only the case when df/dv is not identically zero on E. Since E is smooth, one can perturb yf a little so that df/dv is different from zero at every point of T. Let V0 be a sufficiently small neighborhood of T in C2 -Y. Choose a sufficiently small neighborhood U of the origin in C, and put V1 = { (c, u, v Proof. Choose to, G T, so that the tangent line to T, at to, is given by the equation u + bjv + d} = 0, where bj, dj £ C. Let V be the set of the vcoordinates of the points of the set S U {to,} . Choose a polynomial h £ C [v] so that for every fo G V we have and Pg -(p\, q\) is the coordinate representation of Pg , then the polynomial P\ + bq\ has irreducible fibers only. The theorem is proved.
